Gauge systems with noncommutative phase space 
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Some very simple models of gauge systems with noncanonical symplectic structures having sl(2, r) 
as the gauge algebra are given. The models can be interpreted as noncommutative versions of the 
usual SL(2, R) model of Montesinos-Rovelli-Thiemann. The symplectic structures of the noncom- 
mutative models, the first-class constraints, and the equations of motion are those of the usual 
5*1/(2, R) plus additional terms that involve the parameters which encode the noncommutativity 
among the coordinates plus terms that involve the parameters M „ associated with the noncommu- 
tativity among the momenta. Particularly interesting is the fact that the new first-class constraints 
get corrections linear and quadratic in the parameters 0^ v and M „. The current constructions show 
that noncommutativity of coordinates and momenta can coexist with a gauge theory by explicitly 
building models that encode these properties. This is the first time models of this kind are reported 
which might be significant and interesting to the noncommutative community. 
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Hamiltonian constrained systems with a finite num- 
ber of degrees of freedom can be written in a Hamilto- 
nian form by means of the dynamical equations of mo- 
tion (summation convention over repeated indices is used 
throughout) 

' \dx v dx v dx v 



dH E 

dx v 



H,v= 1,2,. ..,27V, (1) 



where He = H + X a j a + X a \ a is the extended Hamilto- 
nian, 



7 o (af)w0, Xa( x )~0, 



(2) 



are the constraints which define the constraint surface 
£ embedded in the phase space T. T is a symplectic 
manifold endowed with the symplectic structure 



u) = -uj^ lJ {x)dx tJ ' A dx v , 



(3) 



where (x M ) are coordinates which locally label the points 
p of r. It is important to emphasize that the phase space 
r is considered as a single entity, i.e., T need not be nec- 
essarily interpreted as the cotangent bundle of a configu- 
ration space C. H is taken to be a first-class Hamiltonian, 
the 7's are first-class constraints while the x's are second 
class, i.e., 



{7a, 7b L = Cab C lc + T ab "^XaXP 



(4a) 
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{7a, Xa}uj = C aa b 7b + C aa 13 XP, 



{H, 7a } u = V a » lb + V a af} XaXP 



Also, 



{Xoc,Xp}u> = C a/3 , det {C a p) ± 0, 



(4b) 



(4c) 



(4d) 



(5) 



where the Poisson brackets { , } w involved in Eqs. (j4|) 
and ([5]) are computed using the symplectic structure u> 
on T: 



{f,g}u 



d f uv( \ d 9 
U)^ {x)- 

dx» dx v 



(6) 



The dynamical equations of motion |T]) and the con- 
straints |(5J) can be obtained from the action principle 



S[x", X a , X a } = I' {9 M (x)x* - H E ) dr, 

J Tl 



(7) 



where He = H + X a j a + X a Xa as before, u> = d8 with 9 = 
O fl {x)dx fl the symplectic potential 1-form. It is important 
to emphasize that this way of formulating Hamiltonian 
constrained systems is beyond Dirac's method which, by 
construction, employs canonical symplectic structures [3, 

In order to set down the problem addressed in the pa- 
per which links the use of noncanonical symplectic struc- 
tures in gauge theories to noncommutative geometry, it is 
convenient to say some words about the various notions 
of noncommutative geometry used by physicists. 
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1. First of all, there exists the so-called field theory 
defined on spacetimes endowed with noncommuting co- 
ordinates 0, HI , where the noncommutativity of the co- 
ordinates requires a noncommutativity among the field 
variables. In this sense, most of the work in this field of 
research consists in to mix consistently the noncommuta- 
tivity of the coordinates of spacetime with the noncom- 
mutativity among the field variables @, [l(| • 

2. On the other hand, there exists a version where the 
noncommutativity of the coordinates of spacetime mod- 
ifies the dynamics of test particles moving in it, in the 
sense that the equations of motion for the test particles 
get corrections that involve the parameters attached to 
the noncommuting coordinates [11J] • There, the situation 
usually studied involves a Hamiltonian system without 
constraints, endowed with a canonical symplectic struc- 
ture f2 = dpi A dq l , or, equivalently, 

{<zV}o = Q,{q\PiU = 5},{Pi,Pi}n = 0, (8) 
and with an action principle of the form 



= / {Pi? ~ H(q,p,i)) dt, 



(9) 



group (more precisely, the gauge algebra of the first-class 
constraints) be the same than that of the original gauge 
system. Even though the analysis will be focused on the 
item 2, it will result clear at the end of the paper, that 
the current approach can also be used in the context of 
item 1. 

The current ideas will be implemented in a nontriv- 
ial gauge system, the <5X(2,R) model. The phase space 
r = M 8 , whose points are locally labeled by = 
(u , it 2 , ir, w 2 ,pi,p2, tti, 12), is endowed with the sym- 
plectic structure 

fl = dpi A dv? + dm A dv l , i = 1, 2, (11) 

which has the canonical form, in total agreement with 
Dirac's method. The model is defined by the action prin- 
ciple [12 

S[u\v\ Pi ,7t u N,M,X} = f 2 (tfpi + uVi 

Jti 

—NH\ — NH 2 — \D) dr, i = l,2, (12) 
where the constraints 



as a starting point. Next, the dynamical equations ob- 
tained from the action of Eq. ^ are ad hoc modified 
by replacing the original symplectic structure Q with a 
new one w n c which involves noncommutativity among 
the coordinates q's and among the p's 

W,Q j }^c = &\ U\Pj}^ = {Pi,pj}u ao = ©«■ 

( 10 ) 

qv — —Qji anc [ = _ ar6; usually, assumed to be 
constant parameters. The conceptual (or physical) expla- 
nation about the origin of noncommutativity depends on 
the particular theory assumed to be the fundamental one. 
Independently of the explanation, some consequences of 
the introduction of uj nc are: (1) the original symmetries 
of the various geometrical objects involved might change, 
in particular, the algebra of observables Au, nc (computed 
using uj ac ) might be completely different to the original 
one An (computed using f2), (2) the elements that form 
a complete set of commuting observables (csco) which 
are in involution with respect to Q might be completely 
different to the elements that form a complete set of com- 
muting observables computed with respect to w nc , in fact 
the elements of the former set are not in involution with 
respect to w nc in the generic case. 

Therefore, it is rather natural to ask if there exists 
analogs for gauge systems of the situation previously 
mentioned in the item 2. In this paper, it is shown that 
the answer is in the affirmative and the term "gauge sys- 
tems with noncommutative phase space" is used to refer 
to this fact, that is to say, that it is technically possible 
to start from a gauge system endowed with a canonical 
symplectic structure fl and then to replace the original 
symplectic structure fl in T with a new one Wnc to build a 
new gauge system in such a way that the resulting gauge 



B X ■= L - [(Pi) 2 + (p 2 ) 2 - {v 1 ? - (v 2 ) 2 ] - 0, 

H2 ■= \ [(7T!) 2 + (7T 2 ) 2 - (U 1 ) 2 - (U 2 ) 2 ] K 0, 

D := u l pi - v l iti w 0, 2 = 1,2, 



(13) 



satisfy the relations 



{Hx,D} n 
{H 2 ,D} n 



D, 

-2Hi, 
2H 2 . 



(14) 



which turn out to be isomorphic to those defining the 
sl(2, r) Lie algebra. 

Before going on, it is convenient to say that in or- 
der to make clear the concepts involved in the paper, 
the original SL(2,M) model will be gradually modified, 
by first introducing one parameter, next two parameters, 
and finally, the generic case which allows noncommuta- 
tivity among the coordinates and among the momenta 
involved. It will be shown for the case of the SX(2,R) 
model that it is always possible, at least locally, to main- 
tain the same algebra and obtain as a consequence a new 
set of constraints that corresponds to the twisted gener- 
ators of the original symmetry Q. 

Model with one noncommutative parameter 9. As it 
was mentioned, the idea behind the current theoretical 
framework is to modify the symplectic structure (jlip 
of the original SX(2,R) model by introducing a pa- 
rameter 9 that encodes the noncommutativity among 
the coordinates, the phase space of the system is still 
r = M 8 , its points are still locally labeled by (x^) = 
(u , u , v ,v ,£>i,£>2 5 ^2); but now the inverse of the 
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new symplectic structure on it is given by 



leads to 



I 



o 
o 
-l 












-1 













-1 





1 \ 

10 

1 

1 







-1 / 



(15) 



Nevertheless, the original constraints (fT5|) do not close 
under the bracket {A, -B} Wnc computed with (fT5"|) . In or- 
der to preserve the SX(2,R) symmetry of the original 
system in the new model, it is mandatory to modify the 
original constraints. The more efficient way to build the 
new first class constraints is by means of Darboux's the- 
orem According to it, it is always possible, at least 
locally, to find a map from the original coordinate system 
and symplectic structure (|15p to a new coordinate system 
(Darboux's variables) in terms of which the symplectic 
structure acquires the ordinary canonical form. In the 
current case this map is given by 



u 1 


= N Pl - 


M0u 2 


f A (w 1 + 29p 2 


u 2 


= Np 2 + 


Xu 2 , 




v 1 


= Mtti - 


Xv\ 




v 2 


= Mtt 2 - 


Xv 2 , 




h 


= M (u 1 


+ o P2 ) 




P2 


= Mu 2 - 






71"! 


= Nv l + 


Attx, 




^2 


= Nv 2 + 


A7T 2 , 





(19) 



which arc different from those corresponding to the origi- 
nal SL(2, R.) system because there are terms that involve 
9. Note that when 9 = 0, the symplectic structure {I5J) , 
the constraints (|17|) , and the dynamical equations of mo- 
tion (|19| acquire the same form of those corresponding 
to the original SL(2,M.) model. 

Using (HHJ), the evolution of the constraints (| 1 T[) yields 

Hi = MV-2XH X , 
H 2 = -NV + 2XH 2 , 
V = -2MH 2 +2NH U (20) 



u 2 



(16) 



in agreement with the sl(2, r) Lie algebra (TTg)) . 

Observables. It can be shown that the following six 
observables 



Now, with respect to Darboux's variables 
(u 1 , u 2 , v 1 , v 2 ,p\,p 2 , tti, ^2), the new constraints ex- 
pressed in terms of the new variables have the same 
analytical form than the old constraints have in terms of 
the old variables. In terms of the original variables, the 
new constraints acquire the form 



Hi 

n 2 
v 



= L [{Pl? + lP2?~^) 2 -{v 2 f 



[(ttO 2 + (n 2 f - (u 1 ) 2 - {v?f 
9u 1 P2 - X -9 2 { P2 f « 0, 



u% - uVi + 6px<p 2 w 0, i = l,2. (17) 



012 


= u x p 2 


-Piu 2 + 9(p 2 ) 2 


Ol3 


= u l v l 


— p 1 ^ 1 + 9v 1 p 2 , 


Ol4 


= uV 


-piir 2 + 9v 2 p 2 , 


023 


= uV 


-P2TT1, 


o 2A 


= u 2 v 2 




o 3i 


= -KxV 2 


- v x -k 2 , 



(21) 



are all gauge invariant. The resulting Lie algebra of their 
Poisson brackets computed with respect to the symplec- 
tic structure (fTS")) is isomorphic to the Lie algebra of the 
Lie group SO(2, 2), i.e., the algebra of observables is ex- 
actly the same than that of the original SX(2,R) model. 
The four relations among the observables are the same 
than those of the original SL(2,R) model but now the 
expression of the observables are 



It turns out that the constraints (Tl7|) are also first-class, 
but now with respect to the Poisson brackets computed 
with the new symplectic structure of Eq. (|15p. The re- 
sulting algebra of constraints is 



{Hi,H 2 } u 
{Hi,-D} u 
{H 2 ,V} U 



2H 2 , 



(18) 



which is isomorphic to the sl(2,r) Lie algebra, as ex- 
pected. By inserting (JUJ) and JT7D with (A 1 , A 2 , A 3 ) = 
{N,M,X) and (71,72,73) = (Wi, 7*2,2?) into Eqs. © 



u 1 p 2 



p\W 



u 1 p 2 

-KiV 2 



piu 2 + 9 (p 2 ) 



V 1 1T 2 



TTlV 2 — V X ~K 2 



J = 



v}p 2 



a = arctan 



Piu 2 + 9 (p 2 y 
v}v 2 - p lr K 2 - 



9v 2 p 2 



m 1 ?; 1 — piTTi + 9p 2 v 1 



(22) 

(23) 
(24) 
(25) 



Model with two noncommutative parameters 9 and 
<t>. Now, the symplectic structure (fTT|) of the origi- 
nal SL(2,M.) model is modified by introducing two pa- 
rameters 9 and <f> which encode the noncommutativity 
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among the coordinates, the phase space of the system 
is still r = M 8 , its points are still locally labeled by 
= (u , u 2 , v , v 2 ,pi,p2, 7Ti, 7T2), but now the inverse 
of the new symplectic structure on it is given by 



/ 



V 



9 





-<j> 



-1 

-1 





1 \ 

10 

10 

1 







-1 / 



(26) 



As for the case of the model with one parameter 9, the 
original constraints of Eq. (fT5|) get also modified, by 
terms linear and quadratic in the noncommutative pa- 
rameters 9 and <b. The new constraints are 



1 



(- 1 ) 2 -(- 2 ) 2 ] 
o. 



C 2 := 



V 



(\>V X -K2 - -(j) 2 (7T 2 ) 



^ [(""l) 2 + (tT2) 2 - (U 1 ) 2 - (U 2 ) 5 



- 0u 1 P2 - -9 2 { P2 f 
u % p t - v % %i + 9pip 2 - 



w0, 



0, (27) 



with i = 1,2 [cf. with Eqs. ((17)) ]. It turns out that the 
constraints of Eq. (|2"T|) are also first-class but now; with 
respect to the Poisson brackets computed with the new 



symplectic structure of Eq. 
of constraints is 

{Ci, H 2 } Ullc 
{Ci,VU c 



The resulting algebra 



= V, 
= -2Ci, 
= 2C 2 , 



(28) 



which is isomorphic to the sl{2, r) Lie algebra. 

By plugging (ESI), (E3), (A 1 , A 2 , A 3 ) = (N,M,X), and 
(71,72,73) = (Ci,C 2 ,V) into Eqs. (JJ), the dynamical 
equations ([T]) acquire the form 



u 1 


= Npi — 


M9u 2 - 


f A (w 1 


+ 29p 2 ) , 


u 2 


= Np 2 + 


Xu 2 , 






v 1 


= Mn\ - 


-A(«M 


- 2</>7T 2 ) 


-<j)Nv 2 , 


v 2 


= Mtt 2 - 


-Aw 2 , 






Pi 


= M (u 1 


+ P2 ) 


- Api, 




h 


= Mu 2 - 


- Ap 2 , 








= N (v 1 


+ 0^2) 


f A7Tl, 




7T 2 


= Nv 2 + 


\tt 2 . 







(29) 

[cf. with Eqs. 1(15)1]. Using fl25J, the evolution of the 
constraints f2"7| yields 

Ci = MV-2A&, 
C 2 = -AV + 2AC 2 , 
V = -2MC 2 + 2NCx, (30) 



in agreement with the sl(2, r) Lie algebra ((28)1 
Observables. The following six observables 



012 


I 

= U p 2 


9 

-piu + 








013 


= uV 


-pv + 


9v 1 p 2 + 9 


0P27T2 + 


(f>U 1 'K2 


014 


= uV 


-pi7T 2 + 


9v 2 p 2 , 






023 


= uV 


-P27T1 + 


4>U 2 TT2, 






024 


= u 2 v 2 


-P27T2, 








034 


— TTiV 2 


- V 1 TT 2 - 


0(7T2) 2 , 







(31) 

are all gauge invariant. Again, the resulting Lie algebra 
of their Poisson brackets computed with respect to the 
symplectic structure ((21))) is isomorphic to the Lie algebra 
of the Lie group SO{2, 2), i.e., the algebra of observables 
is exactly the same than that of the original SX(2, R) 
model. The four relations among the observables is the 
same than those of the original SL(2,R) model but now 
the expression of the observables are 



u 1 P2 - Piu 2 + 9 (p 2 ) 2 



2 1 ' 



J 



I U X P2 - P\U 2 + 9 (P2) 

TTxV 2 - V 1 Tt 2 - 4> (tT 2 ) 2 
I TTlV 2 - V 1 TT 2 ~ <\> (tT 2 ) 2 

I u 1 p 2 - Piu 2 + 9 (p 2 ) 2 



arctan 



1 9 

U V 



p'n 2 



9v 2 p 2 



M 1 ^ 1 — pi7Tl + 9p2V X 



(32) 

(33) 
(34) 
(35) 



Model with noncommuting momenta and noncommut- 
ing coordinates. The more general case corresponds 
to consider noncommutativity among all the momenta 
Pfj_ = (pi,p2, 7Ti, 7T2) and among all the coordinates = 
(u , u 2 , v , v 2 ). In this case the noncommutative brackets 
are given by: 



(36) 



where, in order that could be possible to get a repre- 
sentation in terms of commutative variables (llj |. the 
noncommutative parameters are restricted by 9 fJlU Q l ,p = 
4af3(af3 — l)5 M p , with (a, (3) arbitrary real parameters. 
Taking this relation into account the commutative vari- 
ables are 



P» 



P a °^ 

+ 7, Pvi 

p Zap 
a 6 M „ 



with p = 

7i 



2af3 



p ■ 2(3p 
- 1 and the new constraints are 

[(Pi) 2 + (P2) 2 ~ (i 1 ) 2 ~ (i 2 ) 2 ] R 



(37) 



72 := J [(-i) 2 + (- 2 ) 2 - (u 1 ) 2 - (u 2 r 



0. 

i0, 



u l Pt 



(38) 
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The algebra of these constraints will be isomorphic to the 
sl{2, r) Lie algebra by construction. However, when these 
constraints are written explicitly in terms of the noncom- 
muting variables (f3T>|) , they become the twist generators 
of the sl(2,r) algebra. Also, for this noncommutative 
model, it is possible to construct Dirac's observables 



012 


= U 1 P2 




013 


= u'v 1 




014 


= uH 2 


-P1K2, 


023 


= «v 


-P27T1, 


024 


= uV 


-P27T2, 


034 


= TTlV 2 


- v 1 ^, 



(39) 



which are all gauge invariant under the transformation 
generated by the first class constraints. 

Furthermore, the resulting Lie algebra of their Pois- 
son brackets computed with respect to the symplectic 
structure (f3"o| is isomorphic to the Lie algebra of the Lie 
group SO(2, 2), i.e., the algebra of observables is exactly 
the same than that of the original SL(2,M.) model. 

The relevance of the noncommutative models of this 
paper lies in the fact that it has been explicitly shown 
that it possible to introduce noncommutativity among 
coordinates and among momenta which are both com- 
patible with the gauge principle in the sense that alge- 
bra of generators closes [cf. with Ref. [HI]. The result 
shows that it is possible, in the context of noncommu- 



tative quantum mechanics, to twist the gauge symm etry 
in agreement with a recent proposal in field theory 15 1. 
The generalization of these results to noncommutative 
field theory (item 1 of this paper) would mean that it is 
possible to modify the usual symplectic structure among 
the field variables by symplectic structures involving non- 
commuting field variables. Due to the fact that the 
noncommutativity among the gauge fields is related to 
the noncommutativity of the coordinates of spacetime, 
a mechanism to combine consistently the two types of 
noncommutativity must be required, for instance incor- 
porating the coordinates as dynamical variables (e.g., pa- 
rameterizing the field theory) to set noncommuting co- 
ordinates of spacetime and noncommuting fields on the 
same footing [16j. By doing things in this way, both 
types of noncommutativity would emerge in an extended 
phase space endowed with noncommutative symplectic 
structures, situation that can be handled with the same 
ideas developed in this work. 
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